Abstract. We define and investigate the scale independent aggregation functions that are meaningful to aggregate finite ordinal numerical scales. Here scale independence means that the functions always have discrete representatives when the ordinal scales are considered as totally ordered finite sets. We also show that those scale independent functions identify with the so-called order invariant functions, which have been described recently. In particular, this identification allows us to justify the continuity property for certain order invariant functions in a natural way.
Introduction
Let A be a finite set of alternatives and consider a real interval E ⊆ R. A scale of measurement is a mapping h: A → E that assigns real numbers to elements of A according to some criterion. The scale type of a scale is defined by giving a class of admissible transformations, transformations that lead from one scale to another acceptable version of it. For instance, a scale is called an ordinal scale if the class of admissible transformations consists of the increasing bijections (automorphisms) φ: E → E. This means that the scale values are determined only up to order. For a general discussion of the theory of scale type and for the definitions of other scale types, see, e.g., [10, 11, 20] .
It is a common practice to simplify the definition of an ordinal scale by merely giving the sequence of ordered values of the image h(A) ⊆ E of A under h. Being of ordinal nature, this sequence is defined up to order, that is, within an automorphism φ: E → E. EXAMPLE 1.1 ([6, 7] ). Suppose we want to evaluate a commodity, e.g., a car, according to a certain ordinal criterion, e.g., comfort, by means of a 5-value ordinal performance scale in R. We can assign the number 1 to a bad comfort, 2 to an acceptable one, 3 to a good one, 4 to a very good one, and 5 to an excellent one. Clearly, we could just as well use the numbers 4, 5, 7, 8, 10, or the numbers −3, 1.5, 14.2, 58, 263, or any numbers that preserve the order.
By adopting this approach, it is easy to see that a finite ordinal scale can be defined in two equivalent ways; one is numerical and the other is symbolical.
Numerically, a finite ordinal scale is a finite and strictly increasing sequence of E determined up to order and representing the possible rating benchmarks defined along some ordinal criterion; see, e.g., [20] . For example, the sequences (4, 5, 7, 8, 10) and (−3, 1.5, 14.2, 58, 263) represent two equivalent versions of the evaluation scale defined in Example 1.1.
Symbolically, a finite ordinal scale is a finite chain (S, ) , that is a totally ordered finite set, whose elements are ranked according to some ordinal criterion. For example the scale of evaluation of a commodity by a consumer such as
is a finite ordinal scale, whose elements might refer to the following linguistic terms: bad, acceptable, good, very good, excellent.
The equivalence between these numerical and symbolical definitions follows immediately from the fact that the total order defined on S can always be numerically represented in E by means of an order preserving isomorphism f : S → E such that
see [10, Chapter 1] . Such an isomorphism is defined up to an automorphism φ: E → E; that is, with f all functions f = φ • f (and only these) represent the same order on S.
Thus, the elements of a finite set A of alternatives can be ordinally evaluated either by means of a numerical mapping h: A → E, defined up to an automorphism φ: E → E or, equivalently, by a symbolical mapping h : A → S. When |S| = |h(A)|, both mappings h and h are connected to each other through the identity h = f • h , where f : S → E is an isomorphism. The following diagram illustrates this connection. 
